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Abstract
We investigate the massless scalar field perturbations, including the quasinor-
mal mode spectrum and the ringdown waveform, of a regular black hole spacetime
described by the line element
ds2 = −
(√
1− k
2
r2
− 2GM
r
)
dt2 +
dr2(√
1− k2
r2
− 2GMr
)(
1− k2
r2
) + r2dΩ2 . (1)
This black hole was derived via the Loop Quantum Gravity inspired polymer quan-
tization of spherical 4D black holes. In contrast to most, if not all, of the other
regular black holes considered in the literature, the resulting nonsingular spacetime
has a single bifurcative horizon and hence no mass inflation. In the interior, the areal
radius decreases to a minimum given by the Polymerization constant, k, and then
re-expands into a Kantowski-Sachs universe. We find that this black hole model is
stable against scalar perturbations. We also show that an increase in the magnitude
of k will decrease the height of the QNM potential and gives oscillations with lower
frequency and less damping.
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1 Introduction
The black hole singularity is an open problem in theoretical physics. The general consensus
is that the singularity is the result of a classical treatment of spacetime and will not be
present when quantum effects are considered. Therefore, after the first specific proposal
for a regular (singularity-free) black hole was presented by Bardeen [1], many regular black
hole models have been proposed by various authors. See [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13]
for a partial list of the proposed regular black holes that mimic the behavior of the four
dimensional Schwarzschild black hole at large distances.
In this paper, we are interested in studying how regularity of a black hole affects
its response to perturbations, including the quasinormal mode (QNM) spectrum and the
ringdown waveform. In addition to being, in principle, relevant to gravitational wave
observations, our calculations of the QNM spectrum are also important in determining the
stability[14] of the black hole spacetime under consideration.
Regular black holes are usually constructed in a way that ensures the spacetime out-
side the horizon of a macroscopic black hole is more or less indistinguishable from the
classical black hole in General Relativity. The metrics invariably contain a new parameter
of dimension length that is usually taken to be the Planck length. Any departures from
General Relativity are only detectable when the black hole radius is comparable to this
length scale. This does not deter us from investigating the ringdown wave signal of regular
black holes because, in the absence of a quantum theory of gravity, it is not clear how big
the new length scale in the regular black hole spacetime will be. In addition, a regular
black hole could potentially emerge from the effective model of an as yet unknown physics
in which the new length scale is significantly larger than expected. A relevant example
is the regular black hole proposed in [9], in which the singularity resolution is caused by
the brane-world scenario in [15], where the new length scale can accept large values. See
also [16] where the authors choose the extra dimensionful parameter that appears in the
dynamical Chern-Simons gravity to be very large compared to the Planck scale.
Most regular black holes have two horizons and a conformal structure (Penrose diagram)
that is similar to that of the Reissner-Nordstro¨m black hole, with the new parameter playing
the role of charge. The absence of a singularity in these cases is accompanied by a change
in topology in the interior, but the problem of mass inflation [17] along the inner horizon
persists.
In this paper we consider a different type of regular black hole proposed by Peltola and
one of us in [18]. The line element of this black hole is given in Eq. (1), where k is a new
(possibly quantum) length scale. When k = 0 the Schwarzschild spacetime is recovered.
This regular black hole differs from most, if not all, of the other proposed models in the
literature in at least one important respect. It has only a single horizon, which eliminates
the problem of mass inflation. The single horizon also means that the global structure is
quite different: the Penrose diagram describes at each time slice an Einstein-Rosen bridge
just as in the Schwarzschild solution. The difference is that the radius of the throat shrinks
to a minimum determined by the parameter k before re-expanding to an infinite Kantowski-
Sachs spacetime, realizing the proposed scenarios for universe generation within black hole
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horizons[19, 20]. The single horizon also means that the analytic structure of the solution
is quite different. In this paper, we explore whether the difference in the analytic structure
leads to a difference in the QNM spectrum.
This regular black hole is derived via a method inspired by Loop Quantum Gravity.
Specifically, the authors of [18] apply effective Polymer quantization[21, 22] to the Hamil-
tonian that is constructed after a homogeneous slicing of the interior of the spherically
symmetric black hole spacetime in Einstein gravity. Polymer quantization assumes that at
least one of the canonical variables takes its value on the real line given a discrete topology,
which necessarily introduces a new length scale. In the effective theory, one takes the clas-
sical ~→ 0 limit of the Polymer Hamiltonian while keeping the discrete length scale fixed.
This produces a set of effective equations for the geometrical variables that are then solved
to derive the metric in the black hole interior. The method used in [18] is similar to the
work previously done by other authors in [23, 24, 25, 26]. The key difference between [18]
and earlier methods is that only the canonical variable associated with area is assumed to
be discrete. This allows for a rather straightforward analytical continuation of the interior
metric to the exterior, and leads to a complete quantum-corrected spacetime expressed in
the line element (1).
The perturbations of different regular black hole models are investigated in, for example,
[27]-[44]. The high overtone QNMs for massless scalar perturbations of the regular black
hole model (1) is analytically calculated by Babb and two of us in [45]. In this paper,
we investigate the perturbations, including the low overtone QNMs and the ringdown
waveform, of a massless scalar field coupled to the regular black hole background defined
by the line element (1).
We structure the paper as follows. In Sec. 2, we set up the problem by introducing
the QNM wave equation. In Sec. 3, we calculate the QNM complex frequencies using the
6th order WKB method. In Sec. 4, we calculate the QNMs using the Asymptotic Iteration
Method and compare the results to those in Sec. 3. In Sec. 5, we produce and analyze the
ringdown waveforms for various values of the length scale k. Finally, the summary and
conclusion are presented in Sec. 6.
2 Wave Equation
A massive scalar field in curved spacetime obeys the Klein-Gordon equation
1√−g∂µ
(√−ggµν∂νΦ)−m2Φ = 0 , (2)
where m is the mass of the scalar field, gµν is the metric and g is its determinant. Here we
use units c = ~ = 1. In a completely general, spherically symmetric, static spacetime, the
line element can be written as
ds2 = −A(r)dt2 +B(r)−1dr2 + r2dΩ2 . (3)
We can separate variables by writing
Φ(t, r, θ, φ) = Yl(θ, φ)Ψ(t, r)/r , (4)
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where Yl(θ, φ) are spherical harmonics with the multipole number l = 0, 1, 2, . . . . Combin-
ing Eqs. (2), (3) and (4) gives
∂2Ψ
∂t2
+
(
− ∂
2
∂r2∗
+ V (r)
)
Ψ = 0 , (5)
where r∗ is the tortoise coordinate linked to the radial coordinate according to
dr∗ =
dr√
A(r)B(r)
, (6)
and
V (r) = A(r)
[
l(l + 1)
r2
+m2
]
+
1
2r
d
dr
[A(r)B(r)] . (7)
If we assume the perturbations depend on time as
Ψ(t, r) = e−iωtψ(r) , (8)
we can use Eq. (5) to obtain
d2ψ
dr2∗
+
[
ω2 − V (r)]ψ = 0 , (9)
where ω is the complex QNM frequency to be determined.
For the specific line element (1), the potential (7) takes the following form
V (r) =
(√
1− k
2
r2
− 2GM
r
)
×
[
l(l + 1)
r2
+m2 +
2k2
r4
(√
1− k
2
r2
− 2GM
r
)
+
2GM
r3
]
. (10)
The tortoise coordinate for this spacetime can be derived by combining Eqs. (1) and (6):
r∗ = r +
√
(2GM)2 + k2 ln
(√
r2 − k2 − 2GM
)
+ 2GM ln
(
r +
√
r2 − k2
)
−
√
(2GM)2 + k2 ln
(√
(2GM)2 + k2 r + 2GM
√
r2 − k2 + k2
2GM
)
+ C , (11)
where C is the constant of integration. In the rest of this paper, we choose C so that the
peak of the QNM potential (10) in the tortoise coordinate is centered at r∗ = 0. Note that
when k = 0, the relationship between the tortoise coordinate and the radial coordinate
reduces to the Schwarzschild case where r∗ = r + 2GM ln(r − 2GM) + C.
With our choice of time-dependence (8), the boundary conditions at the event horizon
and infinity are, respectively,
ψ(x)→ e−iωr∗ as r∗ → −∞ (r →
√
(2GM)2 + k2) ,
ψ(x)→ eiωr∗ as r∗ →∞ (r →∞) . (12)
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3 The WKB Method
To calculate the QNMs of the regular black hole spacetime (1), we first use the WKB
method. This method was originally applied to the problem of black hole perturbations
by Schutz and Will in [46]. The formula for the 3rd order WKB method is derived in [47]
and it is extended to the 6th order by Konoplya in [48].
It is shown in [47] that in order to determine the QNMs using the WKB method, one
needs to solve the following equation
i [ω2 − V (r∗)|r¯∗ ]√
2V ′′(r∗)|r¯∗
−
N∑
j=2
Λj(n) = n+
1
2
, (13)
where r¯∗ is the location of the maximum of the QNM potential V (r∗) in the tortoise
coordinate. Prime indicates differentiation with respect to r∗, and Λj(n) are the WKB
correction terms. N indicates the order of the the WKB method. Λ2,3 are given in [47]
1
and Λ4,5,6 can be found in [48].
In Table I, we provide the QNM complex frequencies for different values of the root
number n and the multipole number l. As is indicated in [48], the WKB method works
more accurately for lower values of n and higher values of l. For example, for l = 0, 1, 2 the
table shows the only reliable roots we can find, while for l = 6 we find many more roots
but include only eight of them for brevity.
The reliability of the roots is determined by comparing the results for different orders
of the WKB method. For example, in Figure 1 we see the real and imaginary parts of ω
converge as we increase the order of the WKB method for l = 0 and n = 1. That is not
the case for l = 0 and n = 2.
We also look at convergence plots, similar to Figure 1, to determine if the accuracy of
the WKB method depends on the value of the parameter k. We find no correlation.
1Λ2 in [47] is missing a factor of i in the numerator.
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Table I: 2GMω for different values of k2GM using 6
th order WKB method[49]
n, l k2GM = 0
k
2GM = 0.01
k
2GM = 0.1
k
2GM = 0.5
0,0 0.220928− 0.201638i 0.220914− 0.201635i 0.220132− 0.200850i 0.205181− 0.185673i
1,0 0.178046− 0.689103i 0.178030− 0.689114i 0.177375− 0.686627i 0.165269− 0.630781i
0,1 0.585819− 0.195523i 0.585799− 0.195517i 0.583829− 0.194900i 0.542441− 0.181808i
1,1 0.528942− 0.613037i 0.528925− 0.613017i 0.527155− 0.611100i 0.489571− 0.569794i
2,1 0.462028− 1.08433i 0.462015− 1.08429i 0.460532− 1.08090i 0.427411− 1.00681i
0,2 0.967284− 0.193532i 0.967251− 0.193526i 0.964057− 0.192895i 0.896660− 0.179678i
1,2 0.927693− 0.591254i 0.927662− 0.591234i 0.924594− 0.589312i 0.859622− 0.548953i
2,2 0.860771− 1.01740i 0.860743− 1.01737i 0.857891− 1.01407i 0.796985− 0.944587i
3,2 0.786413− 1.47977i 0.786387− 1.47972i 0.783779− 1.47493i 0.727102− 1.37375i
4,2 0.725174− 1.97659i 0.725151− 1.97653i 0.722738− 1.97016i 0.668827− 1.83492i
0,6 2.50377− 0.192610i 2.50369− 0.192604i 2.49547− 0.191973i 2.32199− 0.178751i
1,6 2.48750− 0.579473i 2.48742− 0.579453i 2.47926− 0.577555i 2.30680− 0.537770i
2,6 2.45569− 0.971202i 2.45561− 0.971170i 2.44754− 0.967988i 2.27710− 0.901286i
3,6 2.40978− 1.37082i 2.40972− 1.37077i 2.40178− 1.36628i 2.23422− 1.27209i
4,6 2.35191− 1.78094i 2.35184− 1.78088i 2.34411− 1.77505i 2.18014− 1.65259i
5,6 2.28477− 2.20360i 2.28469− 2.20352i 2.27718− 2.19631i 2.11734− 2.04467i
6,6 2.21133− 2.64016i 2.21126− 2.64008i 2.20399− 2.63143i 2.048570− 2.44960i
7,6 2.13469− 3.09138i 2.13462− 3.09128i 2.12759− 3.08115i 1.97669− 2.86804i
Figure 1: The real (top in blue) and imaginary (bottom in brown) parts of 2GMω as a function of the
order of the WKB method for k2GM = 0.5. On the left l = 0 and n = 1. On the right l = 0 and n = 2.[49]
4 Improved Asymptotic Iteration Method
As mentioned earlier, the WKB method becomes less accurate for lower values of l and
higher values of n. Since the accuracy of the WKB method is in question, it is useful to
compare the results to those found using other methods.
In this section, we use the improved Asymptotic Iteration Method (AIM) described in
[50] to determine QNM frequencies. We briefly explain the AIM below and show how to
adapt the method to our black hole model.
Given a differential equation of the form
χ′′ = λ0(x)χ′ + s0(x)χ , (14)
one can express higher derivatives of χ in terms of χ′ and χ as follow
χ(n+1) = λn−1(x)χ′ + sn−1(x)χ , (15)
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where
λn(x) = λ
′
n−1(x) + sn−1(x) + λ0(x)λn−1(x)
sn(x) = s
′
n−1(x) + s0(x)λn−1(x) . (16)
We now expand λn and sn in a Taylor series around some point x0:
λn(x) =
∞∑
i=0
cin(x− x0)i
sn(x) =
∞∑
i=0
din(x− x0)i , (17)
which allows us to rewrite the recurrence relations for λn and sn in terms of the coefficients
cn and dn:
cin = (i+ 1)c
i+1
n−1 + d
i
n−1 +
i∑
k=0
ck0c
i−k
n−1 (18)
din = (i+ 1)c
i+1
n−1 +
i∑
k=0
dk0c
i−k
n−1 . (19)
We then make the assumption that, for large n,
sn(x)
λn(x)
=
sn−1(x)
λn−1(x)
, (20)
which leads to the equation
snλn−1 − sn−1λn = 0 . (21)
In terms of the Taylor series coefficients, the above equation is equivalent to
d0nc
0
n−1 − d0n−1c0n = 0 , (22)
which gives an equation in terms of the QNM frequencies.
To apply AIM, we need to rewrite our wave equation (9) in the form (14). First, we
find it more convenient to work in the coordinate
x =
√
r2 − k2 . (23)
The above coordinate is also used in [45] to calculate the high overtone QNMs of the regular
black hole (1).
In the new coordinate, the wave equation is
x(x− 2GM)d2ψ
dx2
+
(
x− x2(x−2GM)
x2+k2
)
dψ
dx
−
{
ρ2x(x2+k2)
x−2GM +
l(l+1)x√
x2+k2
+m2x
√
x2 + k2 + 2k
2x(x−2GM)
(x2+k2)2
+ 2GMx
x2+k2
}
ψ = 0 ,
(24)
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where ρ = −iω. It is easy to show that the above equation reduces to the wave equation
of a massive scalar field coupled to the Schwarzschild background when k = 0.
We can now combine equations (11), (12), and (23) to find the asymptotic behavior of
the wavefunction:
ψ
x→2GM−−−→ (x− 2GM)ρ
√
(2GM)2+k2 and ψ
x→∞−−−→ x−2GMρe−ρx . (25)
We then write a solution to the wave equation (24) that has the correct asymptotic behavior
at the boundaries in the following form:
ψ(x) =
(
x− 2GM
x
)ρ√(2GM)2+k2 ( x
2GM
)−2GMρ
e−ρ(x−2GM)χ(x). (26)
To follow the same steps taken in [50], we introduce the change of variable
ξ = 1− 2GM
x
. (27)
Substituting this into (24) leads to a differential equation for χ(ξ) in the form (14) where
λ0 = −k
2(ξ − 1)2(2ξ − 1) + (2GM)2(3ξ − 1)
((2GM)2 + k2(ξ − 1)2)(ξ − 1)ξ +
4GMρ
(ξ − 1)2 −
4GMρ
ξ − 1 −
2ρ
√
k2 + (2GM)2
ξ
(28)
and
s0 = − 2GM
ξ2(ξ − 1)4
(
2GMξ(ξ − 1)3
k2(ξ − 1)2 + (2GM)2 +
ξ(ξ − 1)2l(l + 1)√
k2(ξ − 1)2 + (2GM)2 − 2GMρ
2
)
+k2
(
2(2GM)2
(k2(ξ − 1)2 + (2GM)2)2 +
ρ2
ξ2(ξ − 1)2
)
− 4GMρ
2
√
k2 + (2GM)2
ξ(ξ − 1)
−
ρ
(
(ξ − 1)2√k2 + (2GM)2 + 2GM(ξ − 2)ξ)(k2(ξ − 1)2(2ξ − 1) + (2GM)2(3ξ − 1))
(ξ − 1)3ξ2 (k2(ξ − 1)2 + (2GM)2)
+
ρ
(√
k2 + (2GM)2 − ρ (k2 + (2GM)2)
)
ξ2
+
4GMρ2
√
k2 + (2GM)2
(ξ − 1)2ξ
+
(2GM)2ρ2
(ξ − 1)3 −
(2GM)2ρ2
(ξ − 1)4 +
2GMρ(1− 2GMρ)
(ξ − 1)2 −
2GMρ(2− 2GMρ)
(ξ − 1)3 . (29)
We now expand λ0 and s0 in a Taylor series around a point ξ0. After selecting an
appropriate depth (n in Eq. (22)), we substitute the coefficients into (22) to obtain an
equation in ρ. A root finder is then used to find the QNMs. Although the choice of ξ0
should not make a difference, in practice there are small variations when changing ξ0. We
find setting ξ0 to the ξ-value corresponding to the maximum of the potential produces the
best results.
8
In the following table, for comparison, we present the QNMs for the Schwarzschild black
hole obtained by Leaver’s Continued Fraction Method[51] (CFM) and AIM. To produce the
roots using Leaver’s method, we wrote a program in Mathematica in which we incorporated
Nollert’s improvement[52]. As one can see, the results of the two methods are in good
agreement for lower values of overtone number n and higher values of multipole number l.
Table II: 2GMω for l = 0 and l = 1 for Schwarzschild
black hole using CFM and AIM
n, l CFM AIM
0,0 0.220910− 0.209791i 0.220910− 0.209791i
1,0 0.172234− 0.696105i 0.172416− 0.696149i
2,0 0.151484− 1.20216i 0.151053− 1.20040i
0,1 0.585872− 0.195320i 0.585872− 0.195320i
1,1 0.528897− 0.612515i 0.528897− 0.612515i
2,1 0.459079− 1.08027i 0.459079− 1.08027i
3,1 0.406517− 1.57660i 0.406510− 1.57659i
0,2 0.967290− 0.193518i 0.967288− 0.193518i
1,2 0.927701− 0.591208i 0.927701− 0.591208i
2,2 0.861088− 1.01712i 0.861088− 1.01712i
3,2 0.787726− 1.47619i 0.787726− 1.47619i
4,2 0.722598− 1.95984i 0.722598− 1.95984i
5,2 0.669799− 2.45682i 0.669800− 2.45682i
6,2 0.627772− 2.95991i 0.627775− 2.95990i
Finally, we present the results for different values of the parameter k in the table below.
Note that we found more roots for l = 2 and l = 6, but we only include seven roots for
brevity. Additional roots are included in the graphs.
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Table III: 2GMω for different values of k/2GM using AIM
n, l k2GM = 0
k
2GM = 0.01
k
2GM = 0.1
k
2GM = 0.5
0,0 0.22091− 0.20979i 0.22090− 0.20978i 0.22005− 0.20907i 0.20218− 0.19421i
1,0 0.17242− 0.69615i 0.17241− 0.69612i 0.17169− 0.69378i 0.15478− 0.64486i
2,0 0.15105− 1.2004i 0.15104− 1.2004i 0.15025− 1.1964i 0.12868− 1.1147i
0,1 0.58587− 0.19532i 0.58585− 0.19531i 0.58389− 0.19467i 0.54253− 0.18131i
1,1 0.52890− 0.61251i 0.52888− 0.61249i 0.52709− 0.61049i 0.48898− 0.56852i
2,1 0.45908− 1.0803i 0.45906− 1.0802i 0.45749− 1.0767i 0.42280− 1.0025i
3,1 0.40651− 1.57656i 0.27463− 5.1071i 0.40508− 1.5714i 0.37180− 1.4628i
0,2 0.96729− 0.19352i 0.96726− 0.19351i 0.96406− 0.19288i 0.89667− 0.17963i
1,2 0.92770− 0.59121i 0.92767− 0.59119i 0.92460− 0.58926i 0.85961− 0.54875i
2,2 0.86109− 1.0171i 0.86106− 1.0171i 0.85820− 1.0138i 0.79711− 0.94396i
3,2 0.78773− 1.4762i 0.78770− 1.4761i 0.78507− 1.4713i 0.72794− 1.3698i
4,2 0.72260− 1.9598i 0.72257− 1.9598i 0.72014− 1.9534i 0.66593− 1.8183i
5,2 0.66980− 2.4568i 0.66978− 2.4567i 0.66750− 2.4487i 0.61483− 2.2790i
6,2 0.62778− 2.9599i 0.62775− 2.9598i 0.62559− 2.9502i 0.57312− 2.7453i
0,6 2.5038− 0.19261i 2.5037− 0.19260i 2.4955− 0.19197i 2.3220− 0.17875i
1,6 2.4875− 0.57947i 2.4874− 0.57945i 2.4793− 0.57755i 2.3068− 0.53777i
2,6 2.4557− 0.97120i 2.4556− 0.97117i 2.4475− 0.96799i 2.2771− 0.90129i
3,6 2.4098− 1.3708i 2.4097− 1.3708i 2.4018− 1.3663i 2.2342− 1.2721i
4,6 2.3521− 1.7810i 2.3520− 1.7809i 2.3443− 1.7751i 2.1803− 1.6526i
5,6 2.2854− 2.2035i 2.2853− 2.2035i 2.2778− 2.1963i 2.1179− 2.0446i
6,6 2.2130− 2.6396i 2.2129− 2.6395i 2.2057− 2.6308i 2.0501− 2.4490i
In Figure 2, we plot the QNM spectrum for k
2GM
= 0 (Schwarzschild) and k
2GM
= 0.5
for different values of l. As l increases, the real part of the QNM frequency increases, by a
nearly fixed amount, and the imaginary part decreases. As k increases, the magnitudes of
the real and imaginary parts of ω decrease. This becomes more evident in Figure 3, where
we show the QNMs for l = 2 for different values of k.
Figure 2: Scalar QNM spectrum for k2GM = 0 (Schwarzschild) and
k
2GM = 0.5 for different values of l.
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Figure 3: Scalar QNM spectrum for l = 2 for different values of k given in the length unit of 2GM .
The roots produced by AIM become more accurate as the depth (n in Eq. (22)) in-
creases. The roots included in Tables II/III were calculated using a depth of 110. However,
to determine which of the roots (ωn) found at this depth are most reliable, we compare
them with roots calculated at a depth of 105 (ω′n). All the roots in Tables II/III have at
least 2GM |ωn − ω′n| < 0.0034. For higher values of l, AIM converges more quickly. For
example, all of the roots in Table III for l = 6 have 2GM |ωn − ω′n| < 1.8× 10−16.
5 Ringdown Waveform
In this section, the units are chosen such that 2GM = 1. To generate the ringdown
waveform, we numerically solve the time-dependent wave equation (5) using the initial
data
Ψ(r∗, 0) = A exp
(
−(r∗ − r¯∗)
2
2σ2
)
, ∂tΨ|t=0 = −∂r∗Ψ(r∗, 0) , (30)
where we use σ = 1, r¯∗ = −40, and A = 20. We choose the observer to be located at
r∗ = 90. To carry out the calculations, we use the built-in Mathematica commands for
solving partial differential equations.
In Figure 4, we compare the shape of the potential for k = 0, k = 0.3, and k = 0.5. As
one can see, the height of the potential decreases as k increases.
In Figures 5, 6, and 7 we provide the ringdown waveform Ψ (left) and ln |Ψ| (right), as
a function of time, for the potential (10) with l = 0, 1, 2 respectively. We include the cases
k = 0, k = 0.3, and k = 0.5. The oscillation periods are easier to see in the log plot, where
it is clear that the oscillation frequency decreases for higher values of k.
11
Figure 4: Potential versus tortoise coordinate for l = 0 (left) and l = 1 (right). In both graphs, for
comparison, we include the cases k = 0 in dotted red, k = 0.3 in solid green, and k = 0.5 in dashed black.
Figure 5: Ψ (left) and ln |Ψ| (right) as a function of time for l = 0. In both graphs, we include the cases
k = 0 in dotted red, k = 0.3 in solid green, and k = 0.5 in dashed black.
In Figures 6 and 7, we see more oscillations than seen in Figure 5. It is now easy to
see that the damping rate, which is the magnitude of the slope of the maxima in the log
graph, decreases as k increases. This is consistent with the data in Tables I and III.
Figure 6: Ψ (left) and ln |Ψ| (right) as a function of time for l = 1. In both graphs, we include the cases
k = 0 in dotted red, k = 0.3 in solid green, and k = 0.5 in dashed black.
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Figure 7: Ψ (left) and ln |Ψ| (right) as a function of time for l = 2. In both graphs, we include the cases
k = 0 in dotted red, k = 0.3 in solid green, and k = 0.5 in dashed black. To better distinguish between
the three cases, we stop at t = 210 in the log graph.
6 Summary and Conclusion
We calculated the QNMs of a massless scalar field in the background of the regular black
hole spacetime (1) using the 6th order WKB method and the AIM. Both methods gave con-
sistent results. We also examined the ringdown waveform of this black hole and compared
all our results with the Schwarzschild case.
The QNM frequencies of this regular black hole follow closely the QNM spectrum of a
Schwarzschild black hole. We found no modes with positive damping, which means such
a regular black hole is stable against massless scalar perturbations. For the most part, we
consider this black hole model a good Schwarzschild black hole mimicker. The departure
from general relativity is only observable when k
2GM
is not too small. For macroscopic black
holes, this requires the length scale k to be very large compared to the Planck length.2
We also showed that an increase in the magnitude of k decreases the height of the QNM
potential and gives oscillations with lower frequency and less damping.
Most macroscopic regular black holes, including the one studied here, are well approxi-
mated by the Schwarzschild metric near the horizon as well as exterior to it. It is therefore
not surprising that the corrections to the QNMs are small. On the other hand, the recent
Loop Quantum Gravity black hole proposed by Ashtekar, Olmedo and Singh[54] has been
shown[55] to have some interesting but potentially unphysical properties near the horizon
and asymptotically. It would be interesting to see how these features affect the QNM
spectrum and the ringdown waveform. This work is in progress.
2We note that the authors of [45] use the analytic technique developed by Motl and Neitzke in [53] to
show that, for small values of k2GM , the high overtone QNMs of the regular black hole (1) are almost the
same as the Schwarzschild QNMs. The spectrum begins to depart from the Schwarzschild spectrum when
the damping |ωI | ≈ (2GM)
2
k3 . Our numerical results in this paper confirm that low overtone QNMs are also
negligibly affected when k2GM << 1.
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